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ABSTRACT 

 

 

 This study is on modelling circular data and proposed several methods of 

detecting outliers of the model considered in the study. In particular, the linear 

functional relationship model is considered where the maximum likelihood 

parameters and the covariance matrix are derived for the case where the error 

concentration parameters are unequal since previous study only considered the 

parameter estimation for the case of equal error concentration. The parameter 

estimate of x variable is improved by applying the iterative procedure in which the 

incidental parameter stops accumulating after the values converge to a finite 

number. The parameter estimate of the concentration parameter is estimated by 

using modified Bessel function in which it is expanded to become a cubic function. 

Monte Carlo simulation study shows that the proposed parameter estimations give a 

small bias with mean resultant length near to 1 and small estimated root mean 

square errors that indicate an adequacy of the estimation. Next, some methods to 

detect the presence of outlier in circular data are discussed. Previous studies only 

considered outlier detection methods for equal error concentration case. Therefore, 

in this thesis, all outlier detection methods take into account of both equal and 

unequal error concentration parameters in the model. The first proposed method in 

outlier detection is by using the determinantal equation of the covariance matrix, 

called covratio, in which the covariance matrix is based on the one derived in the 

first part of the study. Another two proposed methods used to detect the outlier are 

by using the difference mean circular errors. The two trigonometric functions are 

the cosine (FDMCEC) and sine (FDMCES) functions. The cut-off equations are 

derived based on the 5% upper percentile of the simulation study for each method 
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for 95% confident level. The feasibility of all of the methods is assessed by the 

power of performance in Monte Carlo simulation studies when outlier is planted in 

the data. The results from the simulation study suggest that the power of 

performance for all three outlier detection methods achieves the maximum 

percentage which is 100% as the level of contamination increases. Hence, this 

suggests the feasibility of the method used in outlier detection.  
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ABSTRAK 

 

 

Kajian ini adalah mengenai pemodelan data bulatan dan mencadangkan beberapa 

kaedah untuk mengesan titik terpencil. Secara khususnya, model hubungan fungsian 

linear dipertimbangkan di mana parameter kemungkinan maksimum dan matriks 

kovarians diperolehi untuk kes di mana parameter tumpuan ralat tidak sama 

memandangkan kajian sebelum ini hanya mempertimbangkan kes parameter 

tumpuan ralat adalah sama. Anggaran parameter bagi pembolehubah x ditingkatkan 

dengan menggunakan prosedur iteratif di mana parameter sampingan berhenti 

terkumpul setelah nilai-nilai itu berkisar kepada nombor terhingga. Parameter 

tumpuan dianggarkan dengan menggunakan fungsi Bessel yang diubahsuai di mana 

ia diperluas untuk menjadi fungsi paduan. Kajian simulasi Monte Carlo 

menunjukkan bahawa anggaran parameter yang dicadangkan memberi bias yang 

kecil dengan nilai min paduan dan penganggar ralat min kuasa dua yang kecil 

menunjukkan kecukupan anggaran. Seterusnya, beberapa kaedah untuk mengesan 

kehadiran titik terpencil dalam data bulatan akan dipertimbangkan di mana semua 

kaedah mengambil kira parameter kepekatan ralat sama rata dan tidak sama rata 

dalam model tersebut. Kaedah pertama yang dicadangkan dalam pengesanan titik 

terpencil adalah dengan menggunakan persamaan determinantasi matriks kovarians, 

yang dipanggil covratio, di mana matriks kovarians berdasarkan pada yang 

diperoleh di bahagian pertama kajian. Dua lagi kaedah yang dicadangkan yang 

digunakan untuk mengesan titik terpencil adalah dengan menggunakan perbezaan 

min kesilapan pekeliling. Kedua-dua fungsi trigonometri adalah fungsi kosinus 

(FDMCEC) dan sinus (FDMCES). Persamaan pemotongan diperoleh berdasarkan 
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peratus atas 5% kajian simulasi untuk setiap kaedah untuk tahap yakin 95%. 

Kemungkinan semua kaedah dinilai oleh kuasa prestasi dalam kajian simulasi 

Monte Carlo apabila titik terpencil dimasukkan ke dalam data. Hasil daripada kajian 

simulasi mencadangkan bahawa kekuatan prestasi untuk ketiga-tiga kaedah 

pengesanan terluar mencapai peratusan maksimum sebagai tahap peningkatan 

pencemaran dengan demikian mencadangkan kemungkinan kaedah tersebut.  
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CHAPTER 1   

 

 

INTRODUCTION 

 

 

1.1 Research Background 

 

 Circular data cannot be analysed by standard linear statistical methods. This 

is because of the wrapped around nature of the data. However, there are some 

selected periodical and directional statistical distributions that can be used for 

modelling circular data such as uniform, cardioid, wrapped normal, and von Mises 

distribution (Heckenbergerova et al., 2015). Circular data happens in many 

evidences in our real life, in various scientific fields such as earth sciences, 

meteorology, biology, physics, psychology, and medicine (Pandolfo et al., 2018).  

 One of specific examples of the studies in circular data is when Ferguson et 

al. (1967) used circular data to investigate the homing ability of the northern cricket 

frog Acris crepitans, in which the orientation of the frog was recorded. Gareth 

(2007) built a time series model for circular data with applications to protein 

conformational angles. In 2015, Masseran identified a distribution of wind direction 

for Kudat station in Malaysia (Masseran, 2015).  


